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1Comment on “Higher Order Pancharatnam-
Berry Phase and the Angular Momentum of
Light”
In a recent letter, Milione et al. reported the
Pancharatnam–Berry phase (PBP) on a higher-order
Poincare´ sphere (HOPS). They used two spin–orbit con-
verters (SOCs) [1] to make a trajectory along the HOPS.
However, the SOCs actually do not make a path on the
HOPS. We briefly discuss a way of acquiring a PBP made
by SOCs.
Figure 1(a) shows the configuration of the two SOCs.
The first and second SOCs are rotated around the prop-
agation (z) axis by θ1 and θ2 with respect to the x axis,
respectively. We define the rotating frame as(
ξi ηi
)T
= R−θi
(
xi yi
)T
(i = 1, 2), (1)
where Rθ is a rotation matrix. In this frame, the reflec-
tion axis of the 4f -cylindrical lens pair (pi converter) and
the slow axis of the half-wave plate (HWP) in the ith
SOC are chosen to be the ξi axis.
Here, we can divide the PBP into two PBPs made by
pi converters and by two HWPs. First, we discuss the
former one. A pi converter transforms the coordinate
system as follow:(
x′
y′
)
= Rθi
(
1 0
0 −1
)
R−θi
(
x
y
)
(i = 1, 2). (2)
We assume that the incident beam is collimated and writ-
ten as g(x, y, z)
(
1 σi
)T ∝ eilφ (1 σi)T at z = 0. The
wavefunctions g at z = 4f and 8f are respectively ex-
pressed as
g(x, y, 4f) = g(x′, y′, 0) ∝ e2ilθ1g(x, y, 0), (3)
g(x, y, 8f) = g(x′, y′, 4f) ∝ e−2ilθ2g(x, y, 4f)
∝ e2il(θ1−θ2)g(x, y, 0). (4)
Thus, the PBP made by the pi converters is 2l(θ1−θ2) =
−Ωf/2, where Ωf is subtended by the trajectory on the
sphere for the pi converter [2].
The intermediate wavefunction states in the pi convert-
ers at point 2 (z = 2f) and point 4 (z = 6f), which are
discussed in Ref. [3], are far from vector vortex sates.
Thus, the intermediate states in the pi converters are not
described on the higher-order Poincare´ sphere but the
sphere for a pi converter (Fig. 1(b)). Although the states
and the PBP on or along the sphere for pi converters are
not well analyzed yet, we think that the PBP is related
to the PBP made by the Gouy phase shift [4] and by
perfect reflection [5].
Needless to say, the latter PBP, which is made by two
HWPs, is given by −Ωl/2, where Ωl is the area enclosed
by the trajectory on the conventional Poincare´ sphere
(Fig. 1 (c)). By comparing Fig. 1(b) with Fig. 1(c), we
found that Ωf = Ωl(≡ Ω). Therefore, we obtain the total
PBP as
γ(C) = −lΩf/2− σΩl/2 = −(l + σ)Ω/2, (5)
which agrees with the experimental results in the letter
we comment on. We will report on the PBP made by
q-plates, whose trajectories are truly along the HOPS
elsewhere.
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FIG. 1. (a) Configuration of the spin–orbit converters.
CL1,2,3,4: cylindrical lenses; HWP1,2: half-wave plates.
WFS and PoS are abbreviations for the wavefunction state
and polarization state, respectively. (b) Sphere for a pi con-
verter and (c) the conventional Poincare´ sphere. This figure
is drawn for σ = 1.
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